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The most general scalar-tensor theories of gravity predict a weakening of the gravitational force
inside astrophysical bodies. There is a minimum mass for hydrogen burning in stars that is set by
the interplay of plasma physics and the theory of gravity. We calculate this for alternative theories
of gravity, and find that it is always significantly larger than the general relativity prediction. The
observation of several low mass Red Dwarf stars therefore rules out a large class of scalar-tensor
gravity theories, and places strong constraints on the cosmological parameters appearing in the
effective field theory of dark energy.
The dark energy and cosmological constant problems
have been driving the study of alternative theories of
gravity as a possible explanation for the acceleration
of the cosmic expansion (see [1] for a recent review).
Among them, scalar-tensor theories are particularly well-
studied, which raises the question of what is the most
general theory that is free of the Ostrogradsky ghost in-
stability. This has recently been answered by Gleyzes,
Langlois, Piazza & Vernizzi (GLPV) [2]. The GLPV
framework encapsulates every healthy scalar-tensor the-
ory, and a large sub-class, the beyond Horndeski class,
admit self-accelerating solutions that are viable competi-
tors to ΛCDM [3, 4]. These theories have a peculiar
property: they make identical predictions to general rel-
ativity (GR) except that they predict a weakening of the
strength of gravity inside astrophysical bodies [5]. This
has an important implication which has hitherto been
left unexplored: the minimum mass for hydrogen burn-
ing (MMHB) is larger than the observed mass of several
hydrogen burning Red Dwarf stars. Low mass stellar ob-
jects do not achieve the necessary core conditions to ig-
nite hydrogen, but heavier objects are hotter and denser.
Stars heavier than the MMHB fuse hydrogen and are
classified as Red Dwarfs; those with lower masses are
classified as brown dwarfs. General relativity predicts
that the MMHB is 0.08M [6, 7] and, indeed, several
Red Dwarfs have been observed with masses larger than
0.08M (see [8] and references therein). In this paper
we calculate the MMHB predicted by the most general
scalar-tensor theories. The reduced strength of gravity
has the effect that hydrostatic equilibrium can be main-
tained at lower core temperatures and densities. As a
consequence, we find that the MMHB can be significantly
larger than observed in nature, and therefore a large class
of these models can be ruled out. A large majority of
current dark energy research focuses on models that are
subsets of the GLPV theory [9]. Therefore, our results
have important implications for scalar-tensor dark energy
models. This is the first time that the observation of hy-
drogen burning in stars has been used to constrain the
theory of gravity.
The structure of low mass stellar objects makes them
perfect probes of modified gravity. They have uniform
compositions and have properties that are only weakly
dependent on non-gravitational physics such as variations
in their metallicity and opacity. This means they are free
of the degeneracies that plague some [10–12], but not all,
[13] stellar structure tests of gravity. Furthermore, their
equation of state is well-known, and is relatively simple.
This means that the polytropic techniques developed by
[14, 15] can be applied to calculate the MMHB analyti-
cally. [14, 15] have shown that scalar-tensor theories pre-
dict that hydrostatic equilibrium equation is modified to
dP
dr
= −GMρ
r2
− Υ
4
Gρ
d2M
dr2
. (1)
Υ is the only free dimensionless parameter that charac-
terises the deviations from GR. When Υ > 0, the new
term is negative because the mass is more concentrated
in the centre of the star, therefore the strength of gravity
is reduced compared with GR.
The parameter Υ is directly related to the parameters
αB , αT and αH appearing in the effective field theory
(EFT) of dark energy [16] via [15]
Υ =
4α2H
αH − αT − αB(1 + αT ) . (2)
The five parameters appearing in the EFT completely
characterise the linear cosmology of the theory1. Any in-
dependent constraint on Υ therefore constrains this com-
bination of the cosmological parameters, complimenting
searches on other scales and restricting the possible devi-
ations from GR. One example of a well-studied and viable
alternative to GR is the covariant quartic galileon [3],
which admits self-accelerating solutions without the need
for a cosmological constant. This theory has Υ = 1/3,
which, as we will see below, is ruled out by the constraint
we will ultimately obtain using the MMHB.
Stars are the result of the complex interplay between
many different areas of physics, but this is the only stel-
lar structure equation where the modifications of GR
1 Note that there are two parameters, αK and M , that are not
constrained by the effects presented here.
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2appear. The rest of the physics that determines the
structure and evolution of the star—energy generation
from nuclear burning, the equation of state, the opac-
ity and composition—is non-gravitational, and is hence
unaltered by changing the theory of gravity.
Low-mass stellar objects2 are supported by a combi-
nation of thermal and electron degeneracy pressure, and
are well-described by the polytropic equation of state [7]
P = Kρ
5
3 , K =
(3pi2)
2
3 ~2
5mem
5
3
Hµ
5
3
e
(
1 +
α
η
)
, (3)
where me and mH are the electron and hydrogen mass
respectively, µe = 1.143, and α = 4.82. η is a measure of
the degeneracy of the star. It is formally defined as the
ratio of the Fermi energy to kBT , and is given by
η =
(3pi2)
2
3 ~2
2mem
2
3
HkB
ρ
2
3
µ
2
3
e T
. (4)
η is a constant throughout the entire star. Defining the
dimensionless radial coordinate and density variables
r = rcξ, rc
2 =
5K
8piG
ρc
2, ρ = ρcθ
3
2 , (5)
where ρc is the central density, the structure of the star
is governed by the Lane-Emden equation (LEE) [14]
1
ξ2
d
dξ
[(
1 +
3Υξ2θ
1
2
8
)
ξ2
dθ
dξ
+
Υ
2
ξ3θ
3
2
]
= −θ 32 . (6)
The boundary conditions are θ(0) = 1 and θ′(0) = 0,
which imply that, near the origin
θ(ξ) ≈ 1− 1
6
(1 +
3Υ
2
) ≈ exp
[
−1
6
(1 +
3Υ
2
)
]
. (7)
The radius of the star, R, is defined by ρ(R) = 0, which
defines ξR such that θ(ξR) = 0. The structure of the star
is described by solutions of the LEE, which predicts the
stellar radius, the mass-radius relation and the central
density:
M = 4pirc
3ρcω, R = γ
K
GM
1
3
, ρc = δ
3M
4piR3
, (8)
where the (Υ-dependent) structure coefficients are
ω ≡ −ξ2R
dθ
dξ
∣∣∣∣
ξ=ξR
, γ ≡
[
125
128pi2
] 1
3
ω
1
3 ξR (9)
and δ ≡ − ξR
3 dθ/dξ|ξ=ξR
. (10)
2 See [7] for a review of the science of brown dwarfs and other
low-mass stellar objects.
These quantities then encode the effects of scalar-tensor
theories on the stellar properties.
The rate-limiting reaction for hydrogen burning is the
weak process p+p→ d+e+ +νe. The energy generation
rate (per unit mass) at typical brown dwarf temperatures
and densities can be approximated by the power-law [7]
HB = c
(
T
T c
)s(
ρ
ρc
)u−1
, c = 0T c
sρc
u−1, (11)
with s ≈ 6.31, u ≈ 2.28, and 0 = 3.4 × 10−9 ergs/g/s.
Our procedure for calculating the MMHB will then be
the following: We will first calculate the luminosity in
hydrogen burning, LHB, by integrating (11) over the en-
tire star using solutions of the LEE. Next, the luminos-
ity at the photosphere Le is calculated using the Stefan-
Boltzmann law. The MMHB is the lowest mass where
the reaction above can be sustained stably, i.e. energy
generated in the core is compensated by energy radiated
from the surface, which corresponds to the mass where
LHB = Le. Demanding that the two are equal then gives
us a condition for the mass.
We begin with the luminosity in hydrogen burning.
Since η is a constant, we have T/T c = (ρ/ρc)
2
3 and so,
using Eqns. (5) and (11) we have
LHB = 4pirc
3ρcc
∫ ξR
0
ξ2θ
3
2u+s dξ. (12)
This can be integrated using Eqns. (7) and (8) to find
LHB =
3
√
pi
√
2ω
[
(1 + 3Υ2 )(
3
2u+ s)
] 3
2
cM. (13)
Using Eqns. (3) and (8), one has
ρc =
125G3m3em
5
Hµ
5
e
12pi5~6
δ
γ3
M2
(
1 +
α
η
)−3
and (14)
T c =
25G2mem
8
3
Hµ
8
3
e
2
7
3pi2kB~2
M
4
3
γ2
η
(α+ η)2
, (15)
which can be used in equation (11) to find c. The lumi-
nosity in hydrogen burning is then
LHB = 5.2× 106L δ
5.487
ωγ16.46(1 + 3Υ2 )
3
2
M11.973−1
η10.15
(η + α)16.46
,
(16)
where M−1 = M/0.1M.
Our next task is to compute the luminosity at the pho-
tosphere. Using numerical modelling of the equation of
state of hydrogen at high densities, it has been shown
that the temperature and density at the photosphere are
related via [7]:
Te
K
=
1.8× 106
η1.545
(
ρe
g/cm
3
)0.42
. (17)
3The photosphere is very thin compared with the radius
of the star, and so the surface gravity, g = GM(r)/r2,
can be treated as a constant to a high degree of accuracy.
The location of the photosphere is the radius where the
optical depth, defined as
τ(r) =
∫ ∞
re
κρdr, (18)
where κ is the Rosseland mean opacity, is equal to 2/3.
In GR, this is found by substituting for the density us-
ing the hydrostatic equilibrium equation (1) and inte-
grating using the fact that g is constant. In our theory,
there is the additional complication coming from the term
proportional to d2M/dr2. We will deal with this using
the same approximation as is made in the GR calcula-
tion i.e. assuming that g is constant. This implies that
d(M/r2)/dr = 0 and hence we have
dM
dr
= 2
M
r
and
d2M
dr2
= 2
M
r2
. (19)
The hydrostatic equilibrium in the vicinity of the photo-
sphere is then
dPe
dr
= −gρ
(
1 +
Υ
4
)
. (20)
Substituting this into (18) we find
Pe =
2
3κ
(
1 +
Υ
2
)
g =
ρekBTe
µmH
, (21)
where the ideal gas law has been used and the mean
molecular mass µ = 0.593 corresponding to a hydrogen-
helium mixture. Using Eqn. (8), the surface gravity is
g = 3.15× 106γ−2M 53−1
(
1 +
α
η
)−2
cm/s2. (22)
Using this in Eqn. (21) and replacing the pressure using
the Polytropic relation (5), we find the density at the
photosphere
ρe
g/cm3
= 5× 10−5M1.17−1
[
(1 + Υ2 )
κ−2
]0.7
η1.09
γ1.41
(
1 +
α
η
)−1.41
,
(23)
where κ−2 = κ/10−2 cm2/g. This can then be used in
conjunction with Eqn. (17) to find the effective temper-
ature
Te
K
= 2.9× 104 M
0.49
−1
γ0.59η1.09
[
(1 + Υ2 )
κ−2
]0.296(
1 +
α
η
)−0.59
.
(24)
Using these in the formula Le = 4piR
2σT 4e we find
Le = 2.65L
M1.305−1
γ2.366η4.351
[
(1 + Υ2 )
κ−2
]1.183(
1 +
α
η
)−0.366
.
(25)
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FIG. 1. The MMHB as a function of Υ.
The condition for stable hydrogen burning is LHB =
Le, and so using Eqns. (16) and (25) we have
3.76M−1 =
[(
1 + Υ2
)
κ−2
]0.11(
1 +
3Υ
2
)0.14
γ1.32ω0.09
δ0.51
I(η),
(26)
with
I(η) ≡ (α+ η)
1.509
η1.325
. (27)
From here on we set κ−2 = 1, which is typical for high-
mass brown dwarfs. The stellar composition does not
vary between different stars by large amounts, and, since
equation (26) is only a weak function of the opacity, de-
viations from this value are highly sub-dominant to mod-
ified gravity effects. Importantly, the function I(η) has
a unique minimum value of 2.34 when η = 34.7. This
means that if M−1 is too low, there is no consistent
solution to equation (26); The MMHB is the smallest
mass for which equation (26) is satisfied. In GR, one
has γ = 2.357, δ = 5.991 and ω = 2.714, which gives
MGRMMHB ≈ 0.0845M. This is extremely close to the re-
sults of detailed numerical simulations [6], which predict
a value of 0.075M. In figure 1 we plot the MMHB pre-
dicted by scalar-tensor theories as a function of Υ. One
can see that theories with increasingly large values of Υ
predict that the MMHB is larger. This is a consequence
of the reduced gravity. When Υ is increased, the central
temperature and density at fixed mass is reduced since
less nuclear burning is needed to provide the pressure
gradient to support the star3. One then needs a larger
mass to achieve the conditions necessary for hydrogen
burning.
3 Note from equation (25) that the luminosity of the photosphere
is largely independent of the modifications of gravity and scales
in the same manner as the opacity. Most of the deviations from
GR are due to changes in the hydrogen burning rate.
4It is evident that there are large changes in the MMHB
even for small deviations from GR. There have been
several low-mass Red Dwarf stars observed in our lo-
cal neighbourhood with masses in the range 0.08–0.2M
(see [17–23] and references therein). The lowest mass ob-
served M-dwarf is Gl 866 C [19], which has a mass of
0.0930±0.0008M4. Using equation (26), one finds that
this value is achieved when Υ ≈ 1.6, and so values larger
than this are excluded.
As with any astrophysical test of gravity, one must
be mindful of possible degeneracies that can potentially
mimic the novel effects, or act to negate them. Here,
there are few. Changing Υ is partly degenerate with in-
creasing the opacity but the MMHB is only weakly sen-
sitive to this: it scales like κ0.11, and cannot negate the
changes coming from the effects of modified gravity on
the structure of the star. The MMHB is weakly depen-
dent on the amount of stellar rotation, which is absent in
our model. Rotation acts to increase the MMHB [24, 25],
and so cannot act to negate the effects of modified grav-
ity. Therefore, it is not a caveat to the MMHB predicted
in alternative gravity theories.
Finally, one may worry that the empirical mass deter-
mination of low mass objects intrinsically assumes GR.
This is not the case. The general theories considered
here only exhibit deviations from GR inside astrophysi-
cal bodies. Outside, Newtonian physics applies. Many of
the stars referenced above exist either in eclipsing binary
systems or have smaller satellites. In each case, Newto-
nian mechanics is used to measure their masses and not
their intrinsic properties. In other cases, photometry is
used to measure the mass using the Mass-Luminosity re-
lation. Examination of Eqn. (25) reveals that this does
depend on the theory of gravity, however, the relation
used to calculate the photometric mass is an empirical
fit to observations using stars of known mass found us-
ing the eclipsing binary technique [26]. As such, masses
found using this technique are independent of the theory
of gravity.
In summary, we have shown here that the most general
scalar-tensor theories of gravity predict that the onset
of hydrogen burning in low mass stars occurs at higher
masses than general relativity predicts. Red Dwarf stars
with masses larger than 0.08M have been observed, and,
indeed, this value is compatible with general relativity.
The absence of large degeneracies with non-gravitational
physics allows us to confidently rule out the entire re-
gion of parameter space where Υ >∼ 1.6. This has two
important implications. First, it rules out the possibil-
ity that scalar-tensor theories can alter the properties of
main- and post-main sequence stars because deviations
4 There are some stars with measured mass M ∼ 0.08M, but the
upper limit given by experimental errors exceeds the upper limit
for this object.
from GR are negligible when Υ <∼ O(1) [14]. Similarly,
there are only negligible effects on the rotation curves of
galaxies and the lensing of light by dark matter haloes.
Second, there are cosmological implications. As re-
marked above, Υ is given by a specific combination of the
parameters appearing in the EFT of dark energy. These
parameters completely characterise the cosmology on lin-
ear scales, and are the focus of upcoming surveys aimed
at testing gravity in this regime. Using the novel effect
presented here, we can place the independent constraint
α2H
αH − αT − αB(1 + αT )
<∼ 0.4. (28)
This directly restricts the possible deviations from gen-
eral relativity on cosmological scales, and has the poten-
tial to rule out competitors to ΛCDM. Indeed, one exam-
ple of a commonly studied alternative to ΛCDM is the co-
variant quartic galileon, which admits a self-accelerating
de-Sitter solution with Υ = 1/3. The constraint we have
placed here is an upper bound on Υ. It is interesting
to note that stable stellar configurations can not exist
when Υ ≤ −2/3 [15], and so only a narrow window for
Υ remains.
What is perhaps most interesting is that the behaviour
of local objects have the power to elucidate the nature of
dark energy. This remains elusive, and the constraint we
have obtained here clearly has the potential to drastically
reduce the space of viable alternative gravity theories.
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